Analysis of mean-VaR model for financial risk control  by Sheng, Zhou et al.
Systems Engineering Procedia 4 (2012) 40 – 45
2211-3819 © 2011 Published by Elsevier Ltd. Selection and peer-review under responsibility of Desheng Dash Wu.
doi:10.1016/j.sepro.2011.11.047
Available online at www.sciencedirect.com
Systems 
Engineering 
Procedia
Systems Engineering Procedia 00 (2011) 0 0–000
www.elsevier.com/locate/procedia
The 2nd
Analysis of mean-VaR model for financial risk control
International Conference on Complexity Science & Information Engineering
Zhou Shenga,*, Shi Benshana, Wen Zhongpinga,b
aSouthwest Jiaotong University, No.111, Section 1, 2nd Ring Road North, Chengdu 610031, PR China
b
Abstract
Sichuan Branch of China Construction Bank, No.86, Tidu Street, Chengdu 610016, PR China
Financial risk control is a kind of complicated system engineering. This paper studies validity of portfolio investment 
of the mean-VaR model under holding period condition. The model is analyzed through Lagrange multiplier method, 
and the portfolio weight of global minimum VaR is also given by the portfolio weight combined of minimum
variance and maximum Sharpe ratio.
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1. Introduction
The classical mean-variance (M-V) model was first introduced by Markowitz [1] in 1952, which was
generally considered as the foundation of the modern portfolio theory. In this model the risk of a portfolio 
was measured by the variance of the rate of return. In Shen [2], it analyzed the solution for the mean-
variance model through the matrix approach, and gave some economic connotations for the portfolio.
With the progress of research, many scholars found that the variance was not a good measurement for
the risk, so many new methods for measuring risk have been developed. Recently, Value at risk (VaR) 
which was accepted as a kind of important tools of financial risk control has been widely used in risk 
measurement and control field (see [3-5]). Jacson et al. [6] mentioned the Basel Accord which required 
that the financial institutions should use VaR to measure and disclosure the market risk. Xue et al. [7] 
studied three calculated methods of the given portfolio’s VaR with different horizon and confidence level. 
Then the research of mean-VaR model became popular. The efficient frontier of mean-VaR model was
discussed under the confidence level in [8]. A new mean-VaR model under holding period condition has 
been presented, and the portfolio with global minimum VaR for this model was also analyzed [9].
This paper gives the further studies on the mean-VaR model with holding period condition through the 
specific portfolios and discusses the relationship between the portfolio weight of global minimum VaR
and two specific portfolio weights.
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2. Mean-VaR (M-VaR) Model
2.1. Mean-variance (M-V) model
Assume that there exist n assets and the return vectors of these assets have multivariate normal 
distribution. The expected return rate vector is μ=(μ1, μ2,…, μn)T
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, then the mean variance model can be 
expressed as follows,
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where ωMV=(ω1, ω2,…, ωn)T denotes the portfolio weight vector, Ω=(σij)n×n the variance covariance 
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the expected portfolio return rate. The model can be solved 
by Lagrange multiplier,
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Then the equation (2) can be written briefly as ttMV aa ωωω += µµ . Here, tωω ,µ are two important 
efficient portfolios given by Lemma 2.1.
Lemma 2.1 tω is a portfolio on efficient frontier with minimum variance, and the mean and variance 
are μp=B/A, σ2 µω=1/A, respectively; is a portfolio on efficient frontier with maximum earning per risk 
(Sharpe ratio), and the mean and variance are μp=C/B, σ2=C/B2
As a kind of financial risk measurement, VaR is used to generalize the M-V model.
, respectively.
2.2. Mean-VaR  model analysis
Let Zα
ttZttZVaR p
T
p ∆−∆=∆−∆= µµσ αα Ωωω
be the α-quantile of standard normal distribution, α∈(0.5, 1], and Δt be the holding period. 
Then the portfolio’s VaR can be written in the following,
                                                                   (3)
So the mean-VaR model can be given immediately (Hu et al. [9]),






=
=
= ∆−∆
1
s.t.
min
t
μ
ω
ω
Ωωω
T
p
T
p
T
r
ZVaR tt µα
                                                                                    (4)
Theorem 2.2 Let Zα be the α-quantile of standard normal distribution, Δt be the holding period and μp
Proof. The model (4) can be solved by Lagrange multiplier, let
be the expected portfolio return rate. The portfolio weight ω on mean-VaR frontier should also be on 
mean-variance frontier.
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According to the property of Lagrange function, it gives
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With some manipulation on the equation (6), it can be written as follows,
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That is to say, it satisfies that
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Hence, it can be obtained that
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It is obvious that the equation (13) is the same as (2), so the portfolio weight ω on mean-VaR frontier 
should also be on mean-variance frontier.
In [9], it gave the sufficient and necessary conditions of the portfolio weight of global minimum VaR, 
,/)( AtDZ ∆>α )4/()(0
222
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The condition (14) is also available here.
Theorem 2.3 Suppose that Zα
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and Δt satisfy the condition (14), then the global minimum VaR can be 
given as follows,
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The equation (3) of VaR can change to the following expression,
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/σ is the earning per risk (Sharpe ratio). If there is no risk-free asset, the maximum Sharpe ratio 
of portfolio is the point of tangent joining origin with efficient frontier. Let
                                                                                           (17)
Then the portfolio of global minimum VaR is the tangency point of all intersections of some solid lines 
with different VaR ( )/()( tVaRG ∆= σσ ) and the dotted line ( tZG p ∆−= σµσ α /)( ) as given in 
figure 1.
Fig. 1. The standard derivation σ and function G(σ)
Then it is obvious that the following result holds,
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Therefore, the portfolio weight of global minimum VaR is between ωµ and ωt
σ
, and the relationship can 
be written as equation (18).
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2.3. Numerical example
According to the M-V model and M-VaR model, an example will be given in this section. Three 
stocks from Shanghai and Shenzhen 300 samples (denotes by “S1”, “S2” and “S3”, respectively) are 
selected to be the risky assets and the sample period is from July, 2010 to June, 2011. Base on the 
historical simulation method, Table 1 gives the covariance matrix and average weekly returns rate of 
three different stocks.
Table 1. Covariance matrix and average weekly returns
                            Asset S1 S2 S3
Covariance 
matrix (‱)
S1 18.1797 -3.3589 -0.4145
S2 -3.3589 22.9075 5.2955
S3 -0.4145 5.2955 9.7262
Average weekly returns (%) 0.6941 0.3745 0.2639
Based on the movement of composite index of Shanghai Stock Exchange, the expected portfolio return 
is given to be 4%. And the confidence level is set to be 95%. ,tω ,µω MVω and VaRω denote the weight 
vector of portfolio on efficient frontier with minimum variance, the weight vector with maximum earning 
per risk, the weight vector with minimum variance under expected returns and the weight vector with 
minimum VaR, respectively. Table 2 presents the performance of different weight vectors under the 95% 
confidence level.
Table 2. Performance of different weight vectors under the 95% confidence level
a at σ (%)u VaR (%) Weight  vector
ω 1t 0 2.3351 5.4261 (0.3437; 0.1778; 0.4785)
ω 0u 1 2.5570 3.6521 (0.5303; 0.2287; 0.2411)
ω 1.3662MV -0.3662 2.3661 7.3936 (0.2754; 0.1592; 0.5654)
ω 0.1409VaR 0.8591 2.5008 3.6090 (0.5040; 0.2215; 0.2745)
From Table 2, it is obvious that the results satisfy the objective function and constraint conditions of 
two models. Furthermore, the weight vectors of different models can be written as the following equation 
which is accord with the above theorem.
utMV ωωω ×−×= 3662.03662.1
utVaR ωωω ×+×= 8591.01409.0
And the portfolio weight of the holding period condition on mean-VaR frontier should also be on mean
variance frontier.
3. Conclusion
Value at risk (VaR) which was accepted to be an important tool of financial risk control can be used 
productively in engineering decision making. Based on the financial engineering theory, this paper 
studied the mean-VaR model under holding period condition by Lagrange multiplier. The mean-VaR 
frontier was analyzed from the perspective of efficient portfolio weight. It has been shown that the 
portfolio weight of global minimum VaR was given by the portfolio weight combined of minimum
variance and maximum Sharpe ratio.
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